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^ ' Abstract 
(N ; 

' The formulation of gravity in 3 + 1 dimensions in which the spin 

, connection is the basic field (i^-frame) leads to a theory with first 

I and second class constraints. Here, the Dirac brackets for the sec- 

■ ond class constraints are evaluated and the Dirac algebra of first class 

constraints is found to be the usual algebra associated to space-time 
reparametrizations and tangent space rotations. This establishes the 
p) • classical equivalence with the vierbein approach (e- frame). The ex- 

O , plicit form of the path integral for this theory is given and the quantum 

equivalence with the e- frame is also established. 



H : 1 Introduction 



The standard description of the spacetime geometry in General Relativity 
uses the metric tensor g^^, as the fundamental field. In hamiltonian form, 
the action is a functional of the spatial metric hij and its canonical mo- 
mentum TT*-', as well as four Lagrange multipliers associated with spatial 
reparametrizations, A^* (shifts) and normal deformations, A^"*" (lapse) ^[J. 

The Einstein-Hilbert action can also be written in terms of the spin con- 
nection u^^, the tetrad field e" and their exterior derivatives (first order 
formalism) [Q, In this form, the hamiltonian construction needed to iden- 
tify the dynamical degrees of freedom is not straightforward. The torsion 

^In this analysis the torsion tensor is assumed to vanish identically. 
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tensor does not vanish identically, but only as a consequence of the classical 
equations. Thus, it is not legitimate to eliminate the spin connection for the 
vierbein and one is left with a theory for 40 independent fields tuf* (18), and 
(12). Also, many of the fields do not have time derivatives: out of the 40, 
only 12 have time derivatives in the lagrangian. This gives rise to a number 
of first and second class constraints. 

1.1 The two frames 

An additional difficulty is that there are two natural choices of coordinates 
and momenta, which have radically different phase space and constraint 
structure. Thus, two options arise, depending on whether the lagrangian 
involves only time derivatives of the vierbein (e-frame), or the spin connec- 
tion (cj-frame). These two choices are related by a canonical transformation 
(they differ by a total derivative) and therefore should be classically identi- 
cal in content^ However, as the corresponding phase spaces are so radically 
different, proving the equivalence even at the classical level is non trivial. 

To make the discussion more concrete, let us recall some facts about the 
first order formulation of gravity. The first order Lagrangian is the Einstein- 
Hilbert four-form (wedge product of forms is understood) 

Le-h = eabcdR'^'e'e'^ + dB, (1) 

where i?"* = du""^ + u^u'^^ is the curvature two-form, uj is the spin connec- 
tion one-form, e is the vierbein one-form and dB stands for some arbitrary 
boundary term. Different choices of B{e,uj) give rise to different choices of 
canonical coordinates (frames). Two natural choices are: 

1.1.1 The e-frame 

In the hamiltonian analysis of this action in first order form the spin 
connection splits in two pieces. One of them corresponds to the canonical 

^It is extremely difficult to establish the quantum mechanical equivalence between 
canonically related formulations of a theory, and the equivalence may not even exist. It 
has been shown that quantum mechanics could be formulated in a way that is invariant 
under the simpler class of point canonical transformations but a similar proof for 
general canonical transformations is not yet known. 
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momentum of the tetrad field, and the other corresponds to a set of auxihary 
variables that can be eliminated from their own equations of motion in terms 
of the tetrad. The resulting hamiltonian is a functional of the tetrad and its 
canonical momentum only, and the spin connection drops out. In this way 
the usual vierbein formulation of gravity is obtained 0. 



1.1.2 The a;-frame 



Alternatively, one can start from the Einstein-Hilbert action, eliminate the 
tetrad field and build a hamiltonian action that depends on the spin connec- 
tion and its canonical momentum only 0]. A preliminary discussion of the 
equivalence between the u and e-frames was presented in In this letter 
we want address some points of the analysis in the u-ba.m.e. 

1.1.3 The Ashtekar approach 



m 



The alternative approach to canonical gravity proposed by Ashtekar ||T0 
the past decade is yet another canonically equivalent description of General 
Relativity. The Ashtekar frame is obtained through a complex canonical 
transformation from the e-frame [0. It has been often discussed whether 
Ashtekar's theory is quantum mechanically equivalent to standard metric 
gravity and the answer still seems uncertain and possibly irrelevant. As we 
show here, the uj and e-frames are not only equivalent classically through a 
real canonical transformation but, if there were a quantum description for 
either one, it would be equivalent to the quantum description for the other. 



2 First order formalism (in the uj frame) 

As shown in 0, |^, dropping the boundary term in (|ip, the first order action 
for gravity in 3-t-l dimensions can also be written as| 

I[w,e] = j {ut'eatcde'^'ete"^ + uofJat + e^Pa) , (2) 

■^Our conventions are that e'-''^ = ±1, is a tensor density of weight 1 (i.e., it transforms 
hke a tensor of third rank times ^/g)■ Hence, Cijk = gugjmgkn^''""^ is also a tensor density 
of weight 1, but it takes values ztg, 0. 
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where ,hi, = e,,bcde''''^ei = Dkieabcde'^'e'ie'^), Pa = {eatcde'^^lA^ef}. If eg 
is descomposed as Cg = Ni]"" + A^*e", where r]"' is the normal to espacelike 
surfaces, rjasf — 0, the action can be written in terms of the ujf^ and its 
canonically conjugate momentum = ^ahcd^^^^^'i^'j-i in the form 

/ = y {ufP^, - ufJab + NH^ + N'H, + ^x,^ct>'^), (3) 

where 

= 9-"'PLPb'RS. (4) 

H, = Pi,Rt^ - UjfJab, (5) 

Ja^ = D^P:,: (6) 

and 

Here cJq*, A^, and A^* are Lagrange multipliers corresponding to the con- 
straints Jab = H_i_ = Hi = 0, and g = det{gij), Qij = elcaj. 

The presence of the constraint (f)^^ — deserves some discussion. The 
substitution of P^^ for e^^^eahcd^le'j conceals the fact that there are only 12 
independent fields (e") and not 18 {Pli,) in the phase space. The elimination 
of the 6 spurious fields is enforced by the 6 conditions = 0. The Jacobian 
of the transformation is ^^^5 ^ = ^eabcd^^^-^'^ef, which has maximun 

rank (twelve) on configurations for which the local orthonormal frames e" 
are generic, that is, they span a 3-dimensional volume (see below). 

Once the second class constraints have been eliminated, and Jab be- 
come the generators of spatial diffemorphism and local rotations, respectively. 

Preservation in time of the constraint 0*-^ = implies a new constraint 

x'^S(x, y) = {ct>^\x),H^{y)) = 9-"'D,{Pi^)PlPfe'^'H{x, y), (8) 

where the parentheses indicate symmetrization in k, I. Preservation of x'^'' — 
in turn, implies 

Ar{F^,xn + //^„{r",x'^} = 0. (9) 
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These are equation for the Lagrange multiphers, which can be solved for /j, 
because the constraints 0™" = x'^' = obey a second class algebra, 

=0 

= c/-i/2(G'*^''""(^(x)) + G'^'^''{(f){x)))5{x - y). 
where is the inverse supermetric for a symmetric matrix A^^ Q 

G'^^\A) = 2A'^A^^ - A'^A''^ - A'^A^^. (11) 



The precise form of {x, x} is not essential as we will see below. The matrix 
B^^"^"-{x,y) has a formal inverse Bij^n given by the series 

B = G{g) - G{g)G-\4>)G{g) + G{g)G-\ct^)G{g)G-\4>)G{g) + ... (12) 

where we have defined G ~ Gijku B ~ Bij^i, ~ G''^^\ etc. 

Obviously Bij^n coincides with the supermetric Gijmn on the constraint 
surface = 0, x = 0. In this way we can solve (|D for fXij, 

fi,, = ^B,,^^N{H^,x"'''}. (13) 

Thus no new constraints appear from the preservation in time of x- The 
initial H± has nonvanishing Poisson brackets with (p or x, but the modified 
one 

H± = H^- (14) 

does. 



3 Dirac brackets 



The second class constraints can be eliminated through Dirac bracket |]T2|, |T4 
defined by 

{U, vr = {U, V} - {U, ^nCa/3{/, V^}, (15) 



'*Here, the metric is not defined yet, g'^^ is just a shorthand for which will 

eventually be related to the canonical metric through = —8gg'^^. 
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where Cap is the inverse of the Dirac matrix C"^ = {(^""j^?^}, where 
denote generic second class constraints. In our case, the Dirac matrix 

ro^^i, ,A _ ( {x^^(^),x™"(2/)} {x^^(^),r"(2/)} \ (.p. 

has the form ( ^ j, because {0*-', 0'"'^} = 0. 

Its inverse takes the form ~ ^ 5 BAB ) ' 

^—1 j BijjYin j (17) 



The Dirac bracket for two arbitry functionals U, V is given by: 
{U,VY= {U,V} ~ {U,x}B{ct>^V} 

-{u, 4>}B{x, V} - {[/, 0}5{0, 0}S{0, y}, 



(18) 



where sum and integration over discrete and continuous indices is assumed. 
It can be shown that when U and V belong to the set {H±, Hi, Jab}, the 
second term of the right hand side of (|18D vanishes on the constraint surface 
= 0, X = 0. In particular, direct subtitution in (p!8| ) yields 

{H±, H±r = {H^, H^y = {H^, H^}. (19) 

and using the results of [Q, we finally have 

{H^,H^r ^g''H,d,6{x,y). (20) 

In the same way, the complete Dirac algebra can be shown to be given by 

{H^[N],H^[M]y = J mN)M - {d,M)N]g'^{P)H^, (21) 

{H^[N],H,[M']r = J {M'diN - NdiM')H^, (22) 
{Hi[M%Hj[M^]r = J {N'm^^ - M'diN^)Hm, (23) 
{JIN^X J[M"^]Y = f J[{M X NYX (24) 
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{J[N''^],H[M]}* = 0, (25) 

{J[N^^],H[M']}* = 0. (26) 

Thus, the Dirac algebra reduces to a direct sum of the usual algebra of 
spacetime diffeomorphism plus tangent space rotations. 

Note that when is replaced by its expresion in terms of the tetrad, 
the <p^^ constraints vanish identically, but the secondary constraints x*-' do 
not. In the vierbein frame it can also be shown that prior to eliminating 
the auxiliary variables, apart from Jab, Hj^, Hi the constraints 

= e-'^^) r»„ = 0, (27) 

are found, where Tj" are the spatial components of the torsion tensor, and 
E]^ = Caj g^-' ■ Equation ( pTj) is one of the field equations, from which the 
auxiliary variables A*-' can be ehminated. Replacing P^^, = e'^^^'eabcd^'jef. in the 
definition (^, x*-' can be identified with 7*-^ in the e-frame. 

The algebra (pl|-26) is the same as the one found in the vielbein-frame 



once the contraint 7*-' is strongly set equal to zero. The two frames can be 
compared and contrasted in the following table: 





e-frame 


a;-frame 


dynamical 
variables 

(q,p) 


(12) , (12) 


u;f,P^, = e^^''eabcde',ei 
(18) , (18) 


First class 
constraint 


H±, Hi, Jab 


H±, Hi, Jab 


second class 
constraint 






prop. 

degrees of 
freedom 


12 - 4 - 6 = 2 


18 - 10 - i 12 = 2 
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(Here 7*-^ has been eliminated in the e-frame). The number of propagating 
degrees of freedom is g = c — f — ^s, where c is the number of coordinates, 
/ the number of first class constraints and s the number of second class 
constraints. 



4 Path integral 



We now consider the path integral for this system. As shown in the 
path integral for a system with second class constraints ^ has a measure 
proportional to 

5{x)S{(l))Vd^tC^, (28) 

where C"^ is the Dirac matrix. In our case, C"^ as given in ([TBI) and ([To|) , 
yields 

VdeiC^ = det{G'^"'''{g) + G*^''""((/))). (29) 

The delta functions in ( pSf ) restrict the integration to the constraint surface 
= 0; X = 0, so path integral reads 

Z = J [DP^,][Duf]det{G'^^'^{g))5{ct)'^)^^^ exp'-S 

(30) 

with 

S = I d^fP^,, (31) 



and Map is the matrix of Poisson brackets 

Ma(3 = {Fa,iP(3V, (32) 

where Fa are gauge condition for the first class constraint set Lpp = {H±, Hi, Jab}- 



5 The uj-e transformation 

Consider now the following transformation, wich maps the 18 coordinates 
ujI^ and their 18 canonically conjugate momenta into 12 ef s, 12 vr^'s, 6 
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auxiliary variables Xmn and 6 p™" ( Xmn and p*"" are symmetric and m,n take 
the values 1,2,3.) 

0f ^ + A„„ (33) 



ab 



Pat = l^at i e] + mn P'"^ (34) 

Here and Vt are rectangular matrices, 

ef ; = ^[eh^'le,^ - eN,"^'^ - 2e^;rr'^ef,, (35) 

^^l,i = 2e,,,,ef e^^■^ (36) 

where the square brackets indicate antisymmetrization. U and V are null 
vectors for Vt and G, given by 

t/f - = l^J" e")'^' (37) 



1 
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These objects satisfy the following relations 



Kt mn — Z Eb^rs{m ^n)- (38) 



^'bi^t' = m^ (39) 

i Ut' '"^ = 0, (40) 

0f Vab mn = 0, (41) 

Uf -V^, p, = C^- (42) 

One can think of G and f2 as a collection of twelve vectors -labeled by the 
indices (") and (D respectively-, in an 18- dimensional vector space with 
components ("^), and (;^^), respectively. By the same token, U and V are six 
vectors (labeled by the index {mn)) in an 18-dimensional vector space. 

In this sense the properties (|39|, . . .^21) are nothing but orthogonality rela- 
tions among the vectors G, Q, U and V. These relations imply the following 
completeness relation 

ef I \ + Vi, _ = (43) 
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which will be used in what follows. In this way, the 18 vectors G"* j, U^^ 

are a basis of the space of contravariant vectors L"^, while ^2^^ c; ^ab mn 
a basis for the dual (covariant vectors, 1^^^). Thus, the field transformations 
(|33D, (|3^) correspond to the expansions of oj"'' and F^^ in the contravariant 
and covariant bases, respectively. 

As shown in the appendix, using (|33|), (p^) the path integral (|30|) can now 
be written in terms of the coordinates of the e-frame as 

Z = j [De'iWD'Ki] detM^p S{Hj_)S{Hi)6{Jab) exp'-S, (44) 

which is the path integral one would write in the e-frame. This shows the 
equivalence between quantum theories one would obtain in the two frames. 
The different constraints H±, ifj,and Jab can be written explicitly in terms 
of e-frame variables, as 

= rfd^-al - \E^,dy^e%rf^\ - G%^yi - //^G^ALaJ,, (45) 

+e^a,< + Gti,K<] + iiV(™e,"ey„,e^^")AL (46) 
de"- 1 

Jab = 2eabcdQ^eie'^'' - -{Kebi - K^ai), (47) 

G% = [e^5 - 2e,«e^ - g^.v^v'] , (49) 



where 



and 



G^. = ^[g.^r^'^el + 2gUe^rj' - e'^v^]- (50) 

Finally, the kinetic term Pah^i^ in the action S reduces via the e-uo transfor- 
mation to the usual e-frame kinetic term vr^e^. This completes the classical 
and quantum equivalence between the u and e frames. 
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Appendix: Equivalence of the measure in the u and e frames 

Using (|33|j3^) , the path integral in the u frame given in (|30D reads 

Z = J [De«][D<][DA„„][Dp-"] J det{g^/^G'^''\~g)) S{^'^)5{x"'^) 

detM^p 5{H^)S{H,)5{Jab) exp^S ^ 

where J is the determinant of the Jacobian matrix of the transformation 
{uj,P) (e,7r, A,p). 

The different constraints must be written in terms of the new variables. 
Consider first (p^^ = e"-^"'- P^f,P;!^. Using (pi]), cj)^^ it is easily shown that 

^ij = ^2p'\ (52) 



so that S{(f)^^) = S{32p^^). In the same way, substituting (yj) in (H), the 
constraints x*-' become 



- ^-—E^: e^)- (53) 



X "2 

which are recognized as the second class constraints in the e-frame (|27|) . The 
X constraints can be rewritten substituting oj from (^3|) in T^j{u,e) in the 
form 

X'' = -2(7^/2G'*^-"(^)(A„„ - A^J, (54) 
where are given by (^81), then 

Six'n = 6{-2g'/'G'^^yg){\^n->^mn)) (55) 

_ '^(Amn ~ ^mn) 

det{-2gy^G'^"'''{g))' 
The metric g'^ = PabP"'''^ becomes, after using (HD, g'^ = -8gg^^, so G'*-'™"(^) = 
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Thus, the path integral reads, up to a normahzation constant, 

Z[e,7r,A,p]= ^ [DeJi][Dixl][D\^^][Dp^-] J 5{p^-)5{\^r.- \ln) 
X detM^^ S{H^)5{Hi)S{Jab) exp^S. 
Integrating over A and p one obtains 



Z[e,Ti] 



[Det][Dni] Jq detM^f, 6{H^)6{H,)6{Jab) exp-S, 



(56) 



(57) 



where Jo is the Jacobian evaluated at A = Aq and p = 0. Now we will show 
that this Jacobian is one, that is, the measure is invariant under the transfor- 
mation (0), (p^). In what follows we denote de collective indeces (f*) — >• A, 



a and (mn) — > a. Then, varying the fields in the transformation (33 
yields 



-Tib Se" + ^^t—Xb 66" + e^"57r, + f/^°(5A, 



6Pa = ujAa^e^ + 5e'' + (^vr, + Va^ <5p", 



so that the jacobian matrix is given by 



J 



ae 



I dVAi3 J} 
^Aa + -g^P 

A B ' 



e^"^ t/^" 

VAa 



(58) 
(59) 

(60) 



so that det{J) = det{C) det{B) 



which has the block form J — ^ 
det{C)det{B^) = det{CB^). In our case 

CB' =[(^^„ + ^p/^) VaoWQ'"' t^^l 



(61) 



The first two terms reproduce exactly the completenees relation (143|) , so the 
jacobian is 

(62) 



J = det{6^ + ^p-Q^-^ 



Finally, evaluating the jacobian on the constraint surface p = 0, A = A", one 



finds J 



p=o = det(S 
Z = 



1, and the path integral can be finally written as 



[De^][D7ri] detM^p S{H^)S{Hi)S{Jab) exp-S, (63) 



which is the expected expression for the path integral in the e-frame. 
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